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The Euler equation of compressible flows is solved by the finite volume method,
where high order accuracy is achieved by the reconstruction of each component of
upwind fluxes of a flux splitting using the biased averaging procedure. Compared
to the solution reconstruction in Godunov-type methods, its implementation is sim-
ple and easy, and the computational complexity is relatively low. This approach
is parameter-free and requires neither a Riemann solver nor field-by-field decom-
position. The numerical results from both dynamic and steady state calculations
demonstrate the accuracy and robustness of this approach. Some techniques for the
acceleration of the convergence to the steady state are discussed, including multigrid
and multistage Runge—Kutta time methodsg 1998 Academic Press
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1. INTRODUCTION

In this paper, we consider a simple and efficient finite volume method for the E
equation for compressible flows. The 1D system of the Euler equation is given by

0 m
U +ocFU) =0, U= |m|, F=| pu+p|, (1.1)
E u(E + p)

wherep, u, m= pu, andE are density, velocity, momentum, and total energy, respective
and the pressure is obtained from the equation of gpate(y — 1) (E — pu?/2). The equation
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238 CHOI AND LIU

in multidimensional space is given similarly. Most modern shock capturing schemes
the solution of Eq. (1.1) are of Godunov-type, which reconstructs the solution after fie
by-field decomposition and solves a Riemann problem for time evolution. The well-kno
Godunov-type schemes are MUSCL [30], PPM [32], and ENO schemes [7, 26].

We explore an efficient implementation by using a flux splitting for the time evolution fc
dynamic and steady state computations. In the flux splitfhg, F* + F~, the Jacobians
of the split fluxesF* have only positive or negative eigenvalues. That is, each split fit
always keeps only one wind direction. For this reason, they are sometimes called upv
fluxes. The high order accuracy of the scheme is achieved by directly reconstructing €
component of upwind fluxes by a piecewise polynomial. Then the numerical flux in t
finite volume method is determined by evaluating the reconstructed upwind fluxes on
cell boundary. We give a detailed algorithm in Section 2.

The main advantages of the flux reconstruction approach over the solution reconstruc
are the simplicity of programming and computational efficiency. It is easily formulated a
does not require a Riemann solver, nor does it require a characteristic decomposition ol
computation for auxiliary parameters. Also, it can be easily extended to unstructured g
[4]. The Roe matrix, which is used for a characteristic decomposition, takes considerz
computations in many shock capturing schemes, and in general it is difficult to find a F
matrix for a general system of conservation laws. For instance, a Roe matrix for an M
equation is available only far = 2 [2].

The flux reconstruction approach can also be found in the work of Andetsain[1],
and Shu and Osher have employed an ENO procedure in reconstructing upwind flt
of the Lax—Friedrichs splitting (LFS) after a characteristic decomposition for a system
conservation laws [26]. Another method which avoids a characteristic decomposition
solution of the Riemann problem is the central difference scheme by Nessyahu and Tac
[21]. It achieves high resolution by using a Godunov-type method on staggered grids. Tl
approach can also be applied to a general systems of equations [12] and it does not re
any parameters. Jin and Xin has introduced a class of relaxation schemes in [15] for m
dimensional systems of conservation laws, based on a semilinear relaxation approxima
Their numerical results are comparable to those of the solution reconstruction apprc
with relatively low computational cost. Recently, X.-D. Liu and Osher proposed a co
vex ENO scheme for a multidimensional system of equations without using field-by-fie
decomposition or staggered grids [19].

In this paper, we use the newly developed biased averaging procedure (BAP) for a |
order flux reconstruction [3]. The BAP finds higher order derivatives of the reconstructi
without introducing spurious oscillations. Slope limiters such as van Leer or minmod lir
iters can also be used to determine the slope for a second order reconstruction of the up
flux by a piecewise linear polynomial. However, the BAP is much simpler and more ef
cient even on unstructured grids and, unlike other slope limiters, it provides a differentia
slope [3].

For the system of gas equations, there are many other sharp and parameter-free
splittings such as Steger—Warming splitting (SWS) [27], van Leer splitting (VLS) [29
kinetic flux vector splitting (KFVS) by Deshpande and Mandel [20], and Perthame’s splittil
(PS) from the first order Boltzmann scheme [23]. We have used these four splittings in
computation for both dynamic and steady state solutions. Our numerical experiments \
the flux reconstruction approach show that this approach is not sensitive to the choic
flux splitting. In fact, those flux splittings behave more or less the same in the high ort
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flux reconstruction approach for a gas equation and their numerical results are compa
to those from the solution reconstruction approach.

It is known that many high order schemes suffer from the post-shock oscillation in
computation of slowly moving shock. Such oscillations also appear in the steady ¢
calculations, causing slow convergence [14, 16, 24]. These post-shock oscillations c:
eliminated by an entropy fix. We have studied the post-shock behavior of the flux rec
truction approach through the computation of a slowly moving shock and a steady ¢
solution by multigrid acceleration for the flow over an airfoil. The post-shock oscillatio
have appeared in our computations; however, they remain relatively small compare
the result using a high order ENO scheme. We have systematically applied an entrog
on SWS and VLS and demonstrated its effects in reducing the oscillations. Along v
multigrid acceleration, we have used a three-stage Runge—Kutta time method and a s
far-field boundary condition on the basis of characteristic analysis normal to the bounc
in order to accelerate the convergence in upwind-type high order methods. Also, the
turns out to be very effective in stabilizing the shock, resulting in faster convergence.
limiters usually work with if-statements to preserve the TVD property near extreme poi
and the frequent use of if-statements sometimes causes slow convergence to steady

This paper is organized as follows. In Section 2, we describe the formulation of
numerical scheme with the reconstruction of fluxes for the solution of conservation Iz
We also give a brief explanation as to why the reconstruction of upwind fluxes by BAF
slope limiters can be used to achieve high order accuracy. We review the flux splittings
here and describe the entropy fix for SWS and VLS in Section 3. Also, the numerical res
on a wide variety of 1D and 2D model problems are presented. In Section 4, we dis
some techniques to accelerate convergence to a steady state solution, including mul
and a three-stage Runge—Kutta time method. The computation of the steady flow ove
NACAO0012 airfoil using multigrid is presented as well as the quasi-1D nozzle flow usin
simple time marching method. The advantage of using BAP for steady state computa
will also be demonstrated.

2. FINITE VOLUME METHOD USING RECONSTRUCTIONS
OF UPWIND FLUXES

In this section, we give the finite volume algorithm for the solution of conservati
laws via the reconstruction of upwind fluxes of a given flux splitting using BAP. The L
of the reconstruction of upwind fluxes can be understood in connection with the solu
reconstruction through kinetic theory [15].

2.1. Reconstructions of Upwind Fluxes

We briefly describe the numerical algorithm which directly reconstructs upwind flu
of a given flux splitting for a system of equations (1.1). We assume a uniform grid of ¢
size Ax. We shall use the form of conservative schemes

(A) U]!1+1 =Uj'— AFit2 — FiZ12), A = At/AX,

vyherel_J]-n is the a_pproximation to the cell average over the intersaly(,, Xj11/2) and
Fj+1/2 is a numerical flux.
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In the Godunov scheme, the numerical fl@qql/z is given by
Fit2 = FU*(Xj 412, 1), (2.1)

whereU* is the exact solution of a Riemann problenxat x;1,» with initial dataU; and
U1 for the left- and right-hand sides of the cell boundary. A higher order extension
the scheme can be achieved by reconstructing higher order approximations to the solt
and using these as a initial data for the Riemann problem. The well-known schemes
ing the higher order reconstruction of the solution are MUSCL, PPM, and ENO schem
The MUSCL scheme is of second order, using a linear piecewise polynomial as an
proximation, and PPM constructs the quadratic polynomial, while ENO scheme constrt
an arbitrarily high order approximation by introducing a primitive function. They avoi
possible oscillations near discontinuities by using limiters or adaptive stencils.

Now, we present a second order numerical scheme for conservation laws by dire
reconstructing the second order approximation to each component of upwindl?lﬁg(@§
from a flux splitting,F = F* 4+ F~. The Jacobian oF *(U) has nonnegative eigenvalues
only or nonpositive eigenvalues only. See Section 3 for a detailed discussion on vari
flux splittings. Let us denote by andu a component of the flu¥ and the solutiorJ,
respectively. The second order reconstruction of the positive flux is obtained by a lin
piecewise polynomialf;"(x),

(B) fj+(X) = fH(Uj) +s51(x — X)), X € (Xj—1/2, Xj+1/2)-

In order to suppress possible spurious oscillations near discontinuities from the inter
lation, we use BAP to determine the sloge for the backward and forward differences,
s=(f*Uj) — fT(U;_1))/Axands = (f*(Uj1) — FH(Uj))/Ax of £ atx;,

©) s _B_1<B(a)+6(s)>
| = A e

2

for a biased functiolB(x). Similarly, the negative flux is approximatedxt, ;.
The numerical fluxf |, , is then computed in a split form,

(D) f\]'-&-1/2 = fj+(x)|Xj+1/2 + fj_+l(x)|xj+1/2'

Here we give some examples of the biased functiix):

() B(x) = arctan(x), B~1(x) = tan(x)
() B(x) = tanhx), B~1(x) = tant(x)
X X
1T - gy — X
o 5= e B0 = i=e
(V) Boo= ——% . B =
Vigx241 1—x2

The biased average (C) plays a similar role to limiters in the second order interpolati
preventing possible oscillations near discontinuities. However, the averaging procec
gives a much easier extension to higher order approximations and to unstructured ¢
[3, 4]. We remark that WENO scheme [11, 18] is a similar approach to the BAP. T
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WENO scheme takes a weighted convex combination of high order piecewise polynon
on all possible neighboring stencils.

Using the BAP, the flux reconstruction approach is easily extended to unstructured g
on which the sign of the components of the exterior normal vector to a cell boundary
be used to find out the wind direction for upwind fluxes sirce is predetermined on
the Cartesian coordinate system. A high order extension of the flux reconstruction foll
directly from Shu and Osher’s flux version ENO [26] and a high order BAP approxin
tion [3]. As in [26], U; represents the point value approximationtbf ThenaxF*(U;)
is approximated by the differenc&*(xj;1/2) — F*(Xj_1/2))/h and achieves high order
accuracy through reconstruction Bf (x) from Fi(Uj) which is viewed as a cell average
of a smooth flux function.

A high order reconstruction is realized by expanding the approximate solution on a s
mean zero polynomials and using BAP to determine or limit the coefficient, as the high o
solution reconstruction in [3]. Here we give an example of a third order flux reconstructi

2

t; h
fj+(X) = f+(Uj)+Sj(X—X]‘) +21[(X—Xj)2— 12

} X € (Xj_1/2, Xj+1/2), (2.2)
wheres; is given by (C). Fot;, we consider three standard second order centered differen
of f*(u;) atxj_1, X; andx;1, denoted by;, tn andt;, respectively, and then we determine
t by

=57 (31800 + B + 501 ) 2.3)

In [3], the third order truncation error estimates for the solution reconstruction using
averages were given, and the second and third order accuracy have also been examir
a linear convection equation with different initial data. Since two schemes coincide w
cell averages are replaced by point values, we do not repreat the accuracy check here

The BAP scheme does not have a total variation diminishing (TVD) property anc
maintains a high order accuracy at extreme points. However, the second order BAP bec
a standard limiter such as minmod limiter or van Leer limiter as a scaling factor approa
zero under a certain asymptotic property of the biased function. See Lemma 2 in
The BAP scheme can be viewed as a simple generalization of the limiter to high o
and unstructured grid. Although we are not able to prove a total variation bounded (T'
property for the BAP scheme, the overwhelming numerical results show that the BAP w
in a stable manner. It was proved in [3] that the approximation can increase up to at |
O(h) at extreme points and this enables us to show that the approximate solution is in
bounded for the scalar case.

Before we present numerical behavior of the above scheme, we would like to bri
mention why the reconstruction of upwind fluxes is a plausible approach. The flux splitti
originate from the kinetic approach to conservation laws [20, 23]. The earlier work on
kinetic approach dates back to Sanders and Prendergast [25¢t ledvhave studied the
connection between Steger—Warming flux splitting and Boltzmann schemes [8]. We re
the relaxation scheme of Jin and Xin, who show that the reconstruction of the vari
of the kinetic equation boils down to the reconstruction of the upwind flux vectors of 1
Lax—Friedrichs splitting [13, 15]. Their scheme is called a relaxed scheme aaén
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The 1D conservation law
a%U +9,FU)=0 (2.4)
is approximated by a Jin—Xin relaxation system
8tU + axv == O
5 1 (2.5)
oV + AU = —(FU) - V),
€

where A is a constant diagonal matrix satisfying the subcharacteristic condition [15] a
the diagonalized system of (2.5) is given by

HWE £ AJWE = %(F(U) -V), (2.6)
where
W = %(v + AU). (2.7)
At the zero limit ofe, the flux variableV is relaxed to equilibrium statg (U), i.e.,
V ~FU) ase—0. (2.8)
From (2.8) together with (2.7), one has
WE ~ %(F(U) + AU) = FE(U). (2.9)
Note thatF* in (2.9) is a Lax—Friedrichs flux splitting; (U) = Ft(U) + F~(U).
The diagonalized system (2.6) with the fixed wave direction specifiedt Aycan be
solved easily by any upwind type scheme and one can achieve high resolution by dire

reconstructing the variabM/* in high order. When the method of lines is applied to (2.6)
the upwind scheme gives

1 1

FWT (X)) + A—(W+(x;+1/2) W) = Z(FUD - V) (210)
1

FW (X)) — A (W (X a2) = WO g0 = Z(FUD = V. (211)

Since the variabl&) is written in W+, U = A~1(W+ — W~). Multiplying by A~! after
subtracting (2.11) from (2.10), one has

1 _ _
As e — 0, with (2.9) the upwind scheme in (2.12) becomes
1 1 _
U; T Ax (F1+1/2 o~ Fily2-0) T Ax (FJ+1/2+0 Fil1210 =0 (2.13)
WhereFJﬂ/2 0=FUXj11p) andFj o= F(U (x]ﬂ/z)) This shows that using BAP
or slope limiters in the reconstruction of variaMé&" in MUSCL-type schemes for system

(2.6) is equivalent to using them directly on the flux vectBrsin (2.9) at the zero limit
of e.
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3. FLUX SPLITTING AND ENTROPY FIX

Many different flux splittings have been developed in the past decade, and their d
lopment is still an active research area [17]. We have considered four representative
splittings to implement the finite volume method via the reconstruction of the upwind flu:
of a flux splitting using BAP. They are Steger—Warming splitting [27], van Leer splittir
[29], kinetic flux vector splitting [20] by Mandel and Deshpande, and Pertham’s flux splitti
from his Boltzmann-type schemes [23]. We have conducted some numerical experin
with a LFS in (2.9) which is used in the relaxed schemes and flux version ENO scher
The choice of the diagonal matriX is problem dependent and thus we prefer to prese
the numerical results with more robust and parameter-free flux splittings for a gas equa
such as SWS, VLS, KFVS, and PS.

During the course of numerical experiments, we have encountered the same prot
that many modern shock capturing schemes have, such as downstream oscillation in s
moving shock and nonphysical behavior near the corner of the step in the computatic
the Mach 3 flow in a tunnel with a step. These problems as well as the slow convergen
steady state solutions are known to be caused by the unsteady viscosity profile [14, 16
They often occur when the amount of numerical dissipation keeps varying and somet
almost vanishes near sonic points. The typical cure for these is an entropy fix which all
more numerical dissipation to avoid nearly zero viscosity in the vicinity of sonic poir
[16]. The numerical results with an entropy fix will be presented later in this section.

(i) Steger—Warming splittinggWS has been obtained by a similarity transformatio
on the flux vector using the property(U) = A(U)U, A(U) = F'(U), due to the fact that
the flux vector is a homogeneous function of degree one. The flux splittifgo{1.1) is
given by

FU)=F'U)+F (U)=QATQU + Q 1A~ Qu, (3.1)

whereA= Q *AQ andA* =diag(AT, A3, A3), A" = (L + [Ai])/2,i =1, 2, 3.
The Steger—Warming splitting can be explicitly expressed in terms of eigenvalues o
Jacobian of, Ay =u, A =u+c,andi3=u —c,
2y — DAL+ 25 +43
Fie= 2 20y — Dafu+aEu+o + A5 u—o . (32
2y
(y — DA UWZ+ 305U+ 02+ 505U — 02+ W
where

_ B=p)02+r)C
2(y -1

andc is the local speed of sound. Atrtificial viscosity can be easily introduced into SWS
simply adding a small positive (or negative) numbeko The new eigenvalues;®,

w

(3.3)

T i

P = > (3-4)

can be used for a smooth transition through the sonic points [1].
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(i) Van Leer splittingVan Leer has developed a splitting in terms of the local Macl
numberM, M =u/c, which is differentiable even at sonic points. Rdr> 1, the eigen-
values of the Jacobian ¢ are all positive and thus the positive fl&] 5 is F itself and
the negative fluxFy, s = 0. Similarly, Fj; s =0 andFy, s = F for M < —1. The van Leer
splitting is given as follows for-1 < M < 1,

iy

f:t (y—Du+2c
1 Y

Fuis = , (3.5)

£ £ (y—Du20)
1 202-D

where ff =4pc(M £ 1)2/4. The Jacobian of the positive fluk 5)' has two positive
eigenvalues and one zero eigenvalue, whilg £)’ has two negative eigenvalues and one
zero eigenvalue.

Unlike SWS, it is not clear how to impose artificial viscosity on the split fluxes of th
van Leer splitting. For the entropy fix, we have tried to avoid zero or small eigenvalues
adding an extra term to each componenEgfs. The following splitting,Fi ¢, has been
used for the entropy fix in our computations,

pC
Fiis = Fiis T PC—(V;DU (3.6)

3 1
IBIOC 2(}/271)

for somea, > 0. Although the closed form for the eigenvaluesFdj, 5 is not avail-
able, the traces of the Jacobians of both positive and negative fluxes are increase
absolute value for £ y <3. Numerical results clearly show the effect of artificial vis-
cosity of the augmented terms. We note that in our numerical experiments both S
and VLS show quite satisfactory results, although VLS shows more robust behay
overall.

(iii) Kinetic flux vector splittingandPerthame’s flux splittingThe KFVS, by Mandel
and Deshpande [20], and Perthame’s flux splittings [23] have been motivated by the fact
the Euler equation can be derived from the moment closure of a Boltzmann-like equa
for equilibrium gas.

Deshpande and Mandel have formulated their flux splitting from the following mome
form of Boltzmann-like equation for the inviscid gas equation,

(0 f +&-Vxf) =0, (3.7)
p E—u? |
fx 8D = orrmne eXp(‘ 2RT |o>’ 38

whereys is a collisional invariant given by

V=18 1+181/2),

& is the velocity of particlel is an internal energy variable, ahglis a normalizing constant
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for internal energy. For a polytropic gas withas the ratio of specific heatlg,= ((3—y)/
2(y — 1))RT. Density, momentum, and total energy are related ty

(W, f) =(p, pu, E),

andT is the temperature determined by Boyle’s [aw= p/(Rp) for prefect gas. The flux
splitting has been obtained by the moment closure of (3.7) over the positive and neg
speed of particles.

A similar approach is proposed by Perthame in [23] with a square-shaped distribu
function, which has a compact support. His flux splitting is also obtained through the mon
closure of a linear transport equation over the positive and negative speed of the part
While the first order Boltzmann scheme gives rise to a flux splitting, his second order sch
is obtained through the second order reconstruction of a distribution function. The set
order Boltzmann scheme is rather complicated, requiring relatively heavy computati
and does not have a simple extension to 2D problems. In the flux reconstruction appre
the flux splitting from his first order scheme is only needed since the second order acct
is achieved through the reconstruction of the split fluxes.

Now we present some numerical results with these flux splittings via the reconstructic
the upwind fluxes. More test problems follow in the next section. The extensive numel
experiments show that in spite of their different derivations, these flux splittings beh
more or less the same for the high order flux reconstruction approach, indeed sho
quite satisfactory performance on every test problem. Although we have not used split
other than the aforementioned ones, similar behavior is expected from other flux splitti
We have omitted some results if they have little difference from the one shown here
denote by BAP-2-FS and BAP-3-FS the second and the third order BAP scheme us
flux splitting, FS, respectively.

We have had quite good numerical results for most of the test problems without any
However, when SWS or VLS is used for the computation of the flow in a tunnel with a st
an expansion shock has been developed near the corner of the step, as can be seenir
The downstream oscillations in a slowly moving shock also appeared in our computati
although the oscillations are relatively small compared to high order ENO schemes |
These nonphysical behaviors have been eliminated by the entropy fix given in (3.4,
SWS and (3.6) for VLS. KFVS and PS seem more dissipative than SWS or VLS. They
not show any nonphysical behavior for any of the test problems. Although the oscillati
are still followed by the slowly moving shock, they are almost negligible.

EXAMPLE 1 (TwO INTERACTING BLAST WAVE [32]). The initial data are

p=1u=0 forO<x <1,
p = 1000 for 0< x < 0.1; 0.01for01 < x <0.9; 100forQ9 < x < 1.

We have used 400 grid points to compute the numerical solutiba-&t03 andt = 0.038
with At =0.00002. The solution has quite complex structure. The results in Figs. 1 ar
show that most of features are well captured. The results from the second order Boltzr
scheme are also presented for comparison. It shows slightly better performance ne:
shock in the densities. The third order results using (2.2) are shown in Fig. 3.
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BAP-2-VLS Boltzmann Scheme

Density

BAP-2-VLS Boltzmann Scheme
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FIG.1. Two interacting blast wave, 400 pointstat 0.03. Left: BAP-2-VLS. Right: Second order Boltzmann
scheme. From top to bottom: density, velocity, and pressure.

EXAMPLE 2 (SLowLY MOVING SHOCK [24]). The initial data are taken by

3.86 1
U = | -31266| if0 <x <05  Ugr=|-344| f05<x<1  (3.9)
27.0913 8.4168

The speed of the shock is 0.1096. We have used 100 grid pointawith0.001. Figure 4
shows the densities &= 0.95 computed by BAP-2-VLS with and without an entropy fix.
Even without an entropy fix, the oscillations behind the shock are quite small compare
those for the third order ENO scheme. For comparison we also show densities compute
BAP-2-KFVS and BAP-2-PS in Fig. 4. No fix is added to KFVS nor PS. The oscillatior
in the solution by KFVS are almost negligible.
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BAP-2-VLS Boltzmann Scheme

BAP-2-VLS Boltzmann Scheme

o 01 02 03 04 05 06 07 08 09 1 o o1 02 02 o4 05 06 07 08 09 1

BAP-2-VLS Bollzmann Scheme

Pressure

o o1 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1

FIG. 2. Same as Fig. 1, far=0.038.

ExAMPLE 3 (MACH 3 WIND TUNNEL WITH A STEP[32]). The wind tunnel is 1 length
unit wide and 3 length units long with a step of 0.2 length unit high, located 0.6 length
from the left end of the tunnel. The tunnel is initialized by a gamma-law gas going fr
left to right, which has density 1.4, pressure 1.0, and velocity 3.0. The initial state of
gas is also used at the left-hand boundary. At the right-hand boundary, all gradients al
to zero. The reflecting boundary condition is used at the walls of the tunnel.

We have used a uniform grid of the size 24@0 with Ax=Ay = 8—10. Thirty equally
spaced density contours'ht= 4 are shown in Fig. 5. Without an entropy fix, the VLS ha
developed an expansion shock near the corner as can be seenin the firstimage in Fig. 5
nonphysical behavior has been treated by using the flllﬁiﬁg,, in the small region around
the corners. While SWS shows the same behavior as VLS, the other two, KFVS anc
work well without any fix. The density contour from BAP-2-KFVS is also shown in Fig. '
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BAP-3-VLS BAP-3-VLS
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FIG. 3. Two interacting blast wave computed by BAP-3-VLS on 400 points. lteft0.03. Right:t =0.038.
From top to bottom: density, velocity, and pressure.

ExAMPLE 4 (FLow PAST A CYLINDER). A steady flow past a cylinder at a freestream
Mach number of 3.0 has been computed. The domain is an annular region with a circls
radius 1.0 as an inner boundary and a circle of radius 11.0 as an outer boundary. The g
the angular direction is distributed uniformly, while in the radial direction it is nonuniforn
We have used a grid of size 18050.

This problem is known to be difficult to compute because the region of very low pressi
and low density develops at the rear of the cylinder. In such regions, negative densities
pressure appeared during the calculations, which breaks down most numerical sche
We have also encountered this difficulty. In order to stabilize such regions we have ad
artificial viscosity to the small rectangular region behind the cylinder. The amount of al
ficial viscosity is smoothly varied, having zero artificial viscosity on the boundary of tr
rectangular region.
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BAP-2-VLS BAP-2-VLS + Entropy Fix
i 9
1
35 ! 25| \
i '
I 1
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i
25 d 25
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FIG. 4. Slowly moving shock problem, densitiestat 0.95 on 100 points. From left to right, top to bottom:
BAP-2-VLS, BAP-2-VLS+ entropy fix, BAP-2-KFVS, BAP-2-PS, and the third order ENO scheme.

The results al =6 using VLS and KFVS are shown in Fig. 6. The other two splitting
show similar results. Mach number contours with 25 equally spaced levels are prese
The solid line is the result on a grid 360100. Both the sharp bow shock in the front, and
V-shaped weak shock behind the cylinder are fairly well captured. The Mach number di
bution along the symmetry line and over the cylinder is also shown, which indicates the s
shock profile and the acceleration over the cylinder very well. Even with artificial viscos
added to the rear of the cylinder the results are much sharper than the one given in [5

4. STEADY STATE CALCULATIONS

We have also computed the steady state solution of 1D nozzle flow and the flow
an airfoil in order to show convergence behavior of the flux reconstruction algorithm w
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FIG.5. Mach 3 flow in a tunnel with a step. Density contourdat 4. Grid 240x 80. From top to bottom:
BAP-2-VLS, BAP-2-VLS+ entropy fix, and BAP-2-KFVS. The expansion shock near the corner typically appea
in many different schemes. It is avoided by an entropy fix.

a biased averaging procedure in both time marching and multigrid acceleration. Sev
well-known techniques have been employed to accelerate the convergence of the flow
an airfoil, such as multigrid, multistage time method, local time stepping, and a spec
treatment for far-field boundary conditions.

4.1. Time Marching

We have computed the steady state solution of the quasi-1D nozzle flow by BAP-2-V
using a simple time marching method and compared it with the third order ENO scheme[:
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FIG.6. Flow over a cylinder. Mach=3.0 atT = 6. Grid 180x 50. Left: Mach number contour. Right: Mach
numbers on the symmetry line and over the cylinder. Top: BAP-2-VLS. Bottom: BAP-2-KFVS.

We consider a divergent nozzle with the akér) = 1.398+ 0.347 tanh((8x — 4) [6]. The
Euler equations describing the quasi-1D nozzle flow are

3 (k) + dx(mk) = 0, 4.1)
d(MK) + 3y (pu’k + pk) = paxk, (4.2)
& (EK) + dy(u(E + p)k) = 0. (4.3)

The steady state solution has supersonic inflow and subsonic outflow. We have us
points on the computational domaing < 10. A linear interpolation between the exac
steady state boundary values is used as the initial condition, and the boundary conditi
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FIG. 7. Steady state solution of quasi-1D nozzle flow, density, and convergence history. Top: BAP-2-KF\
Bottom: Third order ENO scheme.

x = 0is specified by gk, mk, EK)(0, t) = (0.5277, 0.6855 1.4465. For the right boundary
atx =10, pk is given by(pk)(10, t) = 3.4540 and extrapolation is used to determine the
other two variables.

In Fig. 7, we show the results from the flux reconstruction approach using KFVS and:
third order ENO scheme. The log plots of errors are shown in the right column of the figi
to compare the convergence. The flux version approach using the BAP gives relatively fa
convergence, while the ENO scheme stagnates after a certain time. The slow converg
of the ENO scheme for 1D nozzle flow was also discussed in [14]. The WENO, which t
a concept similar to that of BAP, also shows a faster convergence for this problem [11]

4.2. Multigrid

Multigrid methods provide a faster convergence by reducing the high frequency of 1
residual corresponding to each different level of the grids. Multigrid can be considet
the way to reach the steady state using a dynamic approach on hierarchical grids.
instance, in the multigrid method for a Poisson equation on a square, the weighted Ja
iteration is indeed the same as the forward Euler time discretization of a heat equat
whose CFL number is chosen to bg31We have consideredt/Ax? as a CFL number
for a heat equation, while for the convection—diffusion problem, we refer CFL number
the maximum of standard CFL numheAt/Ax anduAt/Ax? whereu is the convection
speed angk is the diffusion coefficient.

The use of multigrid for time-dependent problem allows large time steps on coarse g
so that disturbances are more rapidly expelled through the outer boundary. We have
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the explicit multigrid method of Jameson [10] with the BAP-2-VLS on each grid level. Fo
time discretization, the multistage time methods have been largely used to increase the
number by extending the stability region. For example, for a convection-dominated prok
such as the flow over an airfoil which has eigenvalues on the imaginary axis, Jameson
has developed a multistage time method whose stability region includes eigenvalues ¢
imaginary axis. His five-stage method is known to be very effective in a centered differe
scheme with artificial dissipations. However, problem-dependent fine tuning is someti
needed when combining artificial dissipation, and the resulting shock profiles are nc
sharp as the upwind-type methods. We have used a three-stage Runge—Kutta method
form for an ordinary differential equatiom = L (u) at the(n + 1)th time step,

ud = u" 4+ @ AtL U™
u@ = u" + apAtL (u®) (4.4)
ut = u" + AtL(u®@),

with «; = a2 =1/2. The important feature of this time stepping method is that its stabil
region takes the largest part of the imaginary axis among all other three-stage time stej
methods. It also minimizes the required memory space in the implementation sinc
consists of three forward Euler time steps. We note that this three-stage method is of se
order. However, the time accuracy is not important in steady state calculations. In Fig. €
compare the stability regions of the optimal three-stage method (4.4pxvitha, = 1/2
with the standard three-stage time method with=1/3 anda, =1/2.

Another useful time stepping to accelerate the convergence, especially for a nonuni
grid, is the local time stepping which allows maximum local CFL number determined by
local stability analysis [10]. Other difficulties in steady state calculations of the flow o
an airfoil arise from the post-shock oscillations and the far-field boundary condition. -
post-shock oscillations and inappropriate far-field boundary condition are known to trig
slow convergence. To reduce the post-shock oscillations, we have tried the entropy f
given in Section 3 and found it to be effective in accelerating the convergence. We note

Stability Regions

dashed : Standard RK3
solid : New RK3

-2}

-3 . .
-4 -3 -2 -1 0 1 2

FIG. 8. Stability regions of the Runge—Kutta time method.



254 CHOI AND LIU

fewer post-shock oscillations occur with BAP than with other slope limiters. Slope limite
generally employ if-statements to preserve their TVD property by setting the averag
slope to be zero near extreme points. The if-statements result in nondifferentiability of
limiters and they are often sensitive to small perturbations, causing slow convergence.
biased averaging procedure uses one smooth function as a biased function and thusiit <
less disturbing to the shock when the solution gets close to convergence. For the treat
of the far-field boundary condition, we have used the one in [10, 28], which is based
characteristic analysis on the one-dimensional isentropic flow normal to the boundary.
circulation is added for the computation on a relatively small domain.

ExamMpPLE 5 (FLow ovER NACA0012 AIRFOIL). We show the results from the steady
state transonic flow calculations for the NACA0012 airfoil. The computation has been dc
on a 160<32 grid, as shown in Fig. 9. As described above, multigrid with three-stage tir
method (4.4), as well as the local time stepping, has been used for the acceleration o
convergence.

The results with the initial Mach number 0.8 and the angle of atta2® hre shown in
Fig. 9. We have tested minmod and van Leer limiters in the same multigrid algorithm. As ¢

A
. "o, Fan, )
ix 3 ‘l""
& of M o 1 10
%
¥ 10} From the top:
04} x
x " - Minmod Slope

x
0.8 1 107 van Leer Slope

107 BA|
121 x d

0 200 400 600 800 1000

FIG.9. Flow over a NACA0012 airfoil by BAP-2-VLS, foM = 0.8 anda =1.25". Top left: Grid 160x 32.
Top right: Mach contour. Bottom left: Pressure coefficient. Bottom right: Convergence history.
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be seen in the convergence history in Fig. 9, both the minmod limiter and van Leer lirr
stagnate the convergence, while the residual keeps decreasing with the biased ave
procedure. This clearly demonstrates the robustness of the biased averaging proced
steady state calculations. The convergence can be accelerated even further with an e
fix. The slow convergence due to the limiters on unstructured grids was discussed in |

5. CONCLUSIONS

The robustness and accuracy of the componentwise flux reconstruction approact
construction of approximations to upwind fluxes using the BAP, have been demonstrat:
this paper, through a wide variety of test problems in dynamic and steady state calculat
No Riemann problem nor characteristic decomposition is involved in this approach
therefore, its programming is simple and the computational complexity is much lower t
the Godunov-type methods which use the solution reconstruction.

As can be seen in steady state calculations, both BAP and flux splitting are less sen
to perturbations, resulting in faster convergence compared to slope limiters and char
istic decomposition by a Roe matrix. We have tried a systematic entropy fix to elimin
postshock oscillations and found it to be very useful in accelerating the convergence o
solution to steady state.
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